Abstract. The Orlov spectrum and Rouquier dimension are invariants of a triangulated category to measure how big the category is, and they have been studied actively. In this paper, we investigate the singularity category D sg (R) of a hypersurface R of countable representation type. For a thick subcategory T of D sg (R) and a full subcategory X of T , we calculate the Rouquier dimension of T with respect to X . Furthermore, we prove that the level in D sg (R) of the residue field of R with respect to each nonzero object is at most one.
Introduction
The Olrov spectrum of a triangulated category is introduced by Orlov [12] based on the works of Bondal and van den Bergh [5] and Rouquier [13] . This categorical invariant is the set of finite generation times of objects of the triangulated category. The generation time of an object is the number of exact triangles necessary to build the category out of the object, up to finite direct sums, direct summands and shifts. In [13] , Rouquier studies the infimum of the Orlov spectrum, which is called the Rouquier dimension of the triangulated category. For more information on Orlov spectra and Rouquier dimensions, we refer the reader to [4, 12, 13] for instance.
The Orlov spectrum and Rouquier dimension measure how big a triangulated category is, but it is basically rather hard to calculate them. Thus, the notions of a level [3] and a relative Rouquier dimension [1] are introduced to measure how far one given object/subcategory from another given object/subcategory. The main purpose of this paper is to report on these two invariants for the singularity category of a hypersurface of countable representation type.
Let k be an uncountable algebraically closed field of characteristic not two, and let R be a complete local hypersurface over k with countable representation type. Denote by D sg (R) the singularity category of R, that is, the Verdier quotient of the bounded derived category of finitely generated R-modules by the perfect complexes. Let D o sg (R) be the full subcategory of D sg (R) consisting of objects locally zero on the punctured spectrum of R.
The main results of this paper are the following two theorems. 
The organization of this paper is as follows. In Section 2, we give the definitions of the Orlov spectrum and the (relative) Rouquier dimension of a triangulated category. We also recall the theorem of Buchweitz providing a triangle equivalence for a Gorenstein ring R between the singularity category of R and the stable category of maximal Cohen-Macaulay R-modules. In Section 3, we investigate the Orlov spectra and Rouquier dimensions of the singularity categories of hypersurfaces and their double branched covers to reduce to the case of Krull dimension one. In Section 4, using the results obtained in the previous sections together with the classification theorem of maximal Cohen-Macaulay modules over a hypersurface of countable representation type, we prove our main theorems stated above.
Convention. Throughout this paper, all subcategories are assumed to be full. We often omit subscripts and superscripts if there is no risk of confusion.
Preliminaries
We recall the definitions of several basic notions which are used in the later sections. Notation 2.1. Let T be a triangulated category.
(1) For a subcategory X of T we denote by X the smallest subcategory of T containing X which is closed under isomorphisms, shifts, finite direct sums and direct summands. (2) For subcategories X , Y of T we denote by X * Y the subcategory consisting of objects M ∈ T such that there is an exact triangle
For a subcategory X of T we put X 0 := 0, X 1 := X , and inductively define X n := X ⋄ X n−1 for n ≥ 2. We set M n := {M} n for an object M ∈ T .
Definition 2.2. Let T be a triangulated category.
(1) The generation time of an object M ∈ T is defined by
(2) The Orlov spectrum and (Rouquier) dimension of T are defined as follows.
(3) Let X be a subcategory of T . The dimension of T with respect to X is defined by
(4) Let M, N be objects of T . Then the level of N with respect to M is defined by 
that is, the Verdier quotient of D b (R) by perf(R).
Let R be a Cohen-Macaulay local ring. Let CM(R) be the category of maximal CohenMacaulay R-modules, and CM(R) the stable category of CM(R). The following theorem is celebrated and fundamental; see [7, 
By virtue of Theorem 2.4, for a Gorenstein local ring, the study of generation in the singularity category reduces to the stable category of maximal Cohen-Macaulay modules.
3.
The relationship between the singularity categories of R and R ♯ Let (R, m, k) be a complete equicharacteristic local hypersurface of (Krull) dimension d. Then thanks to Cohen's structure theorem we can identify R with a quotient of a formal power series ring over k:
We define a hypersurface of dimension d + 1:
Note that the element y is R ♯ -regular and there is an isomorphism R ♯ /yR ♯ ∼ = R. The main purpose of this section is to compare generation in the singularity categories D sg (R) and D sg (R ♯ ). As both R and R ♯ are Gorenstein, in view of Theorem 2.4 and the remark following the theorem, it suffices to investigate the stable categories of maximal CohenMacaulay modules CM(R) and CM(R ♯ ). The following result is a consequence of [17, Proposition 12.4] , which plays a key role to compare generation in CM(R) and CM(R ♯ ).
In particular, Φ and Ψ are both equivalences up to direct summands.
Applying this lemma, we deduce relationships of levels in CM(R) and CM(R ♯ ).
Proposition 3.2. One has the following equalities.
Proof. We use Lemma 3.1 and adopt its notation. There are (in)equalities
, where the first isomorphism follows from [15, Corollary 5.3] . Applying Φ, we obtain
which completes the proof of the proposition.
Using Lemma 3.1 again, we get relationships of generation times in CM(R) and CM(R ♯ ).
Proposition 3.3. The following statements hold true.
Proof. (1) We use Lemma 3.1 and adopt its notation. Put n = gt CM(R) (M). By definition, it holds that M n+1 = CM(R) = M n . What we need to prove is that ΦM n+1 = CM(R ♯ ) = ΦM n . For each X ∈ CM(R ♯ ) we have ΨX ∈ CM(R) = M n+1 , and ΦΨX ∈ ΦM n+1 . Since X is a direct summand of ΦΨX, it belongs to ΦM n+1 . Therefore, we get CM(R ♯ ) = ΦM n+1 . Suppose that the equality CM(R ♯ ) = ΦM n holds. Taking any Y ∈ CM(R), we have ΦY ∈ CM(R ♯ ) = ΦM n , and ΨΦY ∈ ΨΦM n . As Y is a direct summand of ΨΦY , it is in ΨΦM n . Hence CM(R) = ΨΦM n = M ⊕ M[1] n = M n , which is a contradiction. Thus CM(R ♯ ) = ΦM n . (2) An analogous argument to the proof of (1) applies.
The Orlov spectra and Rouquier dimensions of CM(R) and CM(R ♯ ) coincide:
One has the following equalities.
Proof. It suffices to show the first equality, since the second equality follows by taking the infimums of the both sides of the first equality. Using Proposition 3.3(1), we obtain
A similar argument using Proposition 3.3(2) shows the opposite inclusion OSpec CM(R ♯ ) ⊆ OSpec CM(R). We thus conclude that OSpec CM(R) = OSpec CM(R ♯ ).
The singularity category of a hypersurface of countable representation type
In this section, we prove our main results, that is, Theorems 4.2 and 4.4 from the Introduction. We start by the following lemma on exact triangles in the stable category of maximal Cohen-Macaulay modules over a Gorenstein local ring.
Lemma 4.1. Let R be a Gorenstein local ring. Let
X f 1 f 2 − −− → Y 1 ⊕ M ( g 1 α ) − −−− → N , M ( α g 2 ) − −− → N ⊕ Y 2 ( h 1 h 2 ) −−−−→ Z
be exact triangles in the triangulated category CM(R). Then there exists an exact triangle in CM(R) of the form
Proof. Take a surjective homomorphism π 1 : F 1 → N, and an injective homomorphism θ 2 : M → F 2 whose cokernel is maximal Cohen-Macaulay. We get two exact sequences
such that X ′ , Z ′ are maximal Cohen-Macaulay, which induce exact triangles
There are commutative diagrams
of exact triangles in CM(R), where s, t are isomorphisms. Note that the diagram
in mod R is commutative, whose middle vertical map is an automorphism. Since the upper row is an exact sequence, so is the lower row. We obtain the following left pullback-pushout diagrams, which give the following right pullback-pushout diagram.
is an exact sequence of maximal Cohen-Macaulay R-modules, which induces an exact triangle
is commutative, and hence the lower row is an exact triangle in CM(R).
Let (R, m, k) be a complete equicharacteristic local hypersurface of dimension d. Assume that k is uncountable and has characteristic different from two, and that R has countable (Cohen-Macaulay) representation type, namely, there exist infinitely but only countably many isomorphism classes of indecomposable maximal Cohen-Macaulay Rmodules. Then f is either of the following; see [11, Theorem 14.16] .
In this case, all objects in CM(R) are completely classified [6, 8, 10] . Now we can state and prove the following result regarding levels in CM(R). 
for all nonzero objects M ∈ CM(R). In other words, level (2) reduces to the case d = 1. Thus we have the two cases:
(1): Thanks to [6, 4.1] , the indecomposable objects of CM(R) are the ideals I n = (x, y n ) with n ∈ Z >0 ∪ {∞}, where I ∞ := (x). By [14, 6.1] there exist exact triangles
where I 0 := 0. Applying Lemma 4.1, we obtain exact triangles
and from [2, Proposition 2.1] we obtain an exact triangle I ∞ → I 1 → I ∞ . It is observed from these triangles that Ωk = I 1 is in M 2 for each nonzero object M ∈ CM(R).
(2): Using [6, 4.2], we get a complete list of the indecomposable objects of CM(R):
According to [14, (6.1) ], for each n ∈ Z >0 there are exact triangles
where N ± 0 := 0. Lemma 4.1 gives rise to exact triangles
where M n stands for either M The following example shows that Theorem 1.1 does not necessarily hold if one replaces k with another nonzero object of the singularity category.
for all positive integers a, b with a > 2b. Thus level
Proof. In view of Theorem 2.4 we replace D sg (R) with CM(R). Let I = (x, y a )R and J = (x, y b )R be ideals of R. Suppose that I belongs to J
. Since ΩJ ∼ = J, we see that there exists an exact sequence 0 → J ⊕m → I ⊕ M → J ⊕n → 0 of R-modules with m, n ≥ 0. This induces an exact sequence
Since Tor ⊕2 . By (4.3.1) we have J 2 (R/I) ⊕2 = 0, which implies that J 2 is contained in I. Therefore the element y 2b is in the ideal (x, y a )R, but this cannot happen since a > 2b.
Recall that a subcategory of a triangulated category is called thick if it is a triangulated subcategory closed under direct summands. We denote by CM o (R) the subcategory of CM(R) consisting of maximal Cohen-Macaulay R-modules that are locally free on the punctured spectrum of R. The category CM o (R) is a thick subcategory of CM(R), and in particular it is a triangulated category. For an essentially small additive category C we denote by ind C the set of nonisomorphic indecomposable objects of C. We can now state and prove the following result concerning relative Rouquier dimensions in CM(R). . When # ind X < ∞, let X 1 , . . . , X n be all the indecomposable objects in X . Suppose that dim X CM o (R) is finite, say m. Then it follows that CM o (R) = X m+1 = X m+1 , where X := X 1 ⊕ · · · ⊕ X n ∈ CM o (R). Hence CM o (R) has finite Rouquier dimension. By [9, Theorem 1.1(2)], the local ring R has to have at most an isolated singularity. However, in either case of the types (A ∞ ) and (D ∞ ) we see that the nonmaximal prime ideal (x 0 , x 2 , . . . , x d )R belongs to the singular locus of R, which is a contradiction. Consequently, we obtain dim X CM o (R) = ∞. From now on we consider the case where X = T = CM o (R) and # ind X = ∞. We adopt the same notation as in the proof of Theorem 4.2.
Assume that R has type (A ∞ ). As X is a proper subcategory, we can find a positive integer n such that I n / ∈ X . Since there are infinitely many indecomposable objects in X , we can also find an integer m > n such that I m ∈ X . There exists an exact triangle I m → I n ⊕ I 2m−n → I m in T = CM o (R), which shows that I n belongs to X 2 . Therefore, we get dim X T ≤ 1. Since X = T , we have dim X T = 0. Consequently, we obtain dim X T = 1.
Suppose that R is of type (D ∞ ). Similarly as above, we find two integers m > n > 0 such that neither M n nor N n belongs to X and either M m or N m is in X . When M m belongs to X , there are exact triangles
When N m is in X , we have exact triangles
In either case, both M n and N n belong to X 2 . It follows that dim X T ≤ 1. As X = T , we have dim X T = 0. Now we conclude dim X T = 1.
Proof of Theorem 1.2. Theorems 4.4 and 2.4 immediately deduce the assertion.
